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Infrared frequencies calculations were carried out for 28D(kh water clusters obeying thé%dodecahedral
geometry, optimized at the B3LYP/6-31#G** level. Their combined spectra contained 806-B stretch
modes, ranging from 2181 to 3867 ch(unscaled), which were treated and studied as a database. Of these,
752 modes (94%) could be assigned to a single dominantt®*stretch. These 752 were classified into five
subdatabases depending on the local H-bond type of the dominant stretch. The freglievey dorrelated

with the O—H* distance bon), with H-bond length Roo) where applicable, and with other variables. The
parameteiboy alone accounted for 9899% of the variance i for stretches in H-bonds. The correlation

with Roo is substantially weaker. Normal modes were classified as “high ratio” or “low ratio” depending
upon the mode’s distribution of kinetic energy among theHDbonds. High-ratio modes (389 modes, or
49% of our sample) are modeled well as a single oscillator undergoing small perturbations by weak coupling
from other oscillators. Low-ratio modes involve strong coupling with at least one othét €retch for

which boy; is close tobon. The IR intensities of modes vary widely but can be explained in terms of a single
equation giving dipole moment derivatives as a functiob®f For the lowest-energy @), clusters, their

IR stretch spectra contained eight distinguishable absorption bands. An explanation for eight bands in terms

of the theory of polyhedral water clusters is

Introduction

Infrared spectroscopy is the principal experimental method
through which small- and medium-sized water clusters are
probed. Experimental setups in which IR spectra of water
clusters have been obtained include freg(@) for n < 101°
benzene-water system&?-12water in helium droplet$3-14and
water in parahydroge¥. Miyazaki et al*® and Shin et al”
obtained spectra for the protonated specigfHO),, 6 < n <
27, and Mitsuhiko et a8 did likewise for the [GHg—(H20)n] ™
system. In all of these, a structural shift from a netlike geometry
with some DA (single donor single acceptor) waters to a
cagelike geometry with no DA water occurred at the magic
numbem = 21. The lowest-energy geometry for-H,0),1 is
believed to be a dodecahedral cage with a singl® side!®

The water monomer has a bending modg at 1595 cn!
and symmetrici(;) and antisymmetricig) stretch modes at 3657
cm1 and 3756 cm?, respectively?® Kim et al 21?2 assigned
the 2n stretch modes of various B),'s (n = 6,7,8) to be either

offered.

O—H dipoles and can defy classification as either “symmetric”
or “antisymmetric”. Coupling between two dipoles depends in
part on their intrinsic frequencies, which depend in turn on their
O—H distances. For H-bonds in organic crystals and in water
clusters, the intrinsic frequency of a stretch mode is known to
be strongly negatively correlated with the-® distanceboy

and positively correlated with the-@D distanceRoo.2°

Buck et al® studied spectra of neutral §B),, 8 < n < 10,
both computationally and experimentally. Spectra of some
clusters, such as tt#& andDq cubes, have just a few absorption
bands separated by IR-inactive regions (cf. Figure 1 of ref 9).
They called such clusters “crystalline.” The absorption bands
in the spectra of other clusters appeared spread out across the
entire stretch region; such clusters were called “amorphous.”
Buck et al. implicitly recognized that the correlation between
Roo andv is tight enough that the stretch region of a cluster’s
IR spectrum can be thought of as displaying its distribution of
Roo (i.e., the distribution of H-bond lengths), and this concept

v1 or v3 modes and then examined how the frequencies andWas further developed by Sadlej et?ak’ They recognized that

intensities forv, and vs3 modes varied with their H-bonding

one major contributor t&®oo is the donor’s local bonding type

environment. They admitted that the assignment sometimes(DDA, DAA, DA, etc.). Crystalline and amorphous clusters are
became ambiguous when multiple protons shared similar those with closely grouped or with spread dgo values,

parameters. Lee et &l.extended this type of analysis to a set
of 25 clusters ranging from the dimer to decamers. Current
thinking, however, posits that the conceptgindvs for stretch
modes in (HO),'s is appropriate mainly for kO units in which
neither proton is H-bonded (e.g., Miyazaki et&identified v,

and v3 signals from terminal BED’s in chainlike H (H.O)y's

for n < 10). We view water (focusing on stretches only) as a
collection of coupled ©H dipole oscillators that just happen
to come two to a molecuR¥:2>Normal modes can involve many
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respectively. In some cases, a crystalline pattern results from a
neat divide between H-bonds whose donor has the DDA pattern
and those whose donor is DAA. We will build on their work
by incorporating advances in the theory of bond lengths for
polyhedral water clustet% 2° that go well beyond consideration
of the donor alone and, most importantly, by adding a degree
of statistical rigor to various claims by examining them
guantitatively for a large database.

The 52 dodecahedral (JD)y is of great importance both
experimentally and theoretically. Experimentally, it is the
principal building block of von Stackelberg’'s Structure |
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clathrate hydrate®, including the commercially important
methane hydraté. We have already mentioned the filled
protonated £,1° and (HO), cages surrounding cations such as
Cs" also show a magic number at= 20, presumably due to
the 52 geometry?2

For this ab initio study, we explored the stretch region
(defined as 20004000 cn1?) of the predicted IR spectra of
512 dodecahedral (}0)o clusters. Over 30 000 symmetry-
distinct H-bond arrangements are possible fd? @ater

Anick

but we will not need this distinction. An-©H* covalent bond

in a PWC can therefore occur in any of five environments: H*
can be a free H, or it can be in an FF, FL, LL, or LF H-bond.
This classification into five ©H types will be the basis of our
study of O-H stretch modes.

Several authors have noted that in PWCs, FL H-bonds are
the shortest, LF are the longest, and FF and LL have intermedi-
ate length?8-29.3440The types of the donor and acceptor account
for 75% of the variance in H-bond lengtRdo).*° Accordingly,

clusters®® Although some of these are too unstable to represent boy is longest for FL and shortest for LF, with intermediate

actual clusterd®=2934 the large number of stable (B)y
geometries invites a sampling and database approach.

We built upon a database of sixteel? 84,0)0 clusters that
was described in a previous wotkThat database contained

lengths for FF and LL.

The types (i.e., F or L) of the donor's and the acceptor’'s
nearest neighbor O’s also affdeso. Specifically, L neighbors
at the donor and F neighbors at the acceptor will rdise.

five clusters whose H-bond arrangements were selected ran-Reference 40 computed the contribution of each neighbor’s type
domly, four whose energies were at or near the lowest energiesfor each bond type, but Singer, Kuo, et al. simplified this by

possible for a &%, and seven which were chosen to make the

defining a single “topological index”, denoted It is defined

spread of cluster energies approximately evenly spaced. For this(eq 1 of ref 28) by:

project, we deleted one cluster that adsymmetry (explana-

tion below), and generated five more for a total of 20. The range & = (# of L neighbors at donory-

of cluster electronic energies via B3LYP is 30 kcal/mol. Among

the four lowest-energy clusters, the spread is under 0.2 kcal/

(# of F neighbors at acceptor) (1)

mol. Our project was to study the database’s 800 (20 clustersgecqse the donor and the acceptor each have two neighbors,

x 20 waters per clustex 2 modes per water) ©H stretch
modes.
We used B3LYP/6-311+G** for all ab initio calculations.

This model has undergone extensive validation for water cluster

calculations relative to MP%-42 Infrared spectra computed via
DFT typically require scaling; i.e., predicted frequencies need
to be multiplied by a factor, usually between 0.9 and 1, to bring
them into better agreement with experimeitSor B3LYP with
a large basis set, 0.961 may be u$ed.

Questions we set out to explore about(hho IR spectra
included the following.

the value off is 0, 1, 2, 3, or 4. Lower values @fcorrespond
to shorter H-bonds. Each increase of 1 in the valué adlds 3
to 7 pm toRoo.*° Thus, 20 subtypes of H-bonds have been
identified: four donof-acceptor combinations times five pos-
sible values of for each.

The number of FF bonds, denotBg, is a potent predictor
of the electronic energy of a PWC, with each additional FF
bond adding about 4 kcal/mé&l.A related parameter iy,
the total number of “homogeneous angles”, i.e., the number of
times that a motif of a chain of three adjacent F's or a chain of
three adjacent L's occurs. Configurations having the lowest

» Do most stretch modes involve large displacement of one gnergy among those with a given polyhedral geometry will have

particular proton, with other protons moving much less, or are

no homogeneous anglé&i.e., Ay = 0. For the %2 geometry,

large coordinated movements of two or more protons common? the minimum possible value @ is 345 so the lowest-energy
How well do the 40 protons correspond to the 40 stretch modes?s12 configurations will haveBer = 3 andAry = 0.

 When a mode is identifiable as primarily associated with
one particular G-H* stretch, what percent of the variance in
stretch mode frequency can be accounted foody? By Roo?

Are there other significant determinants of stretch mode
frequency?

e When a stretch mode does involve large coordinated
movement of two or more protons, what factors determine
whether two G-H stretches are “coupled” in this sense?

o How can we account for the tremendous variability in IR
intensity among stretch modes?

« For the 32 (H,0),0's of lowest energy, what features might

be expected in their IR spectra? Specifically, would these be of

a crystalline or of an amorphous nature?

Review of Polyhedral Water Clusters and Two Theorems

The 52 dodecahedral (}D)20 is an example of a polyhedral
water cluster (PWC). PWCs are defined as cagelikeO(kl
clusters in which every O is 3-coordinated. The theory of PWCs
is simplified because there are just two local motifs: the denor
acceptor-acceptor O, denoted DAA or F for its free (or non-
H-bonded or dangling) H, and the dortdonor—acceptor O,
denoted DDA or L for its non-H-bonded lone pair.

The F and L designations classify the H-bonds of a PWC
into four types by “donor type acceptor type”; e.g., FL means

Because it will be part of our explanation of the predicted
spectra of the B clusters, we offer two theorems, with proofs,
about mathematical relationships amddyg, Ary, andé.

Theorem 1 For a PWC having the's geometry, ifBrr =
3, thenATH =0.

Proof. The number of LL bonds, denot&j, , always equals
Bee.#° Let Cj denote the number of FF or LL bonds in thik
polyhedral face (the indexwill run from 1 to 12). The total
number of FF or LL bonds is¥(C;)/2, because each edge gets
counted twice. Thus

12

Bee+ B = (ZC]-)IZ, or )
=
12
4Bp = ZCJ 3
&

Any polyhedral face with an odd number of sides must contain
at least one FF or LL bontf.Because all 12 faces are 5-sided,
we haveC; = 1 for eachj, 1 < j < 12. The right-hand side of
eq 3 is therefore at least 12, and it equals 12 if and only if
every one of the&C;'s is exactly 1.

BecauseBrr = 3, eq 3 tells us that all th€j’s equal 1; i.e.,

donor is F and acceptor is L. For some purposes it helps to no face has more than one FF or LL bond. Budify > 0, i.e.,

separate the LF bonds further into cis and trans suf&efsi440

if there is a homogeneous angle, then the face that contains
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that angle will have two or more FF’s (or two or more LL’s). picture two extremes. At one extreme, all or most oscillations
It follows that Ary = 0. are strongly coupled and most or all normal modes involve
We remark that the above argument would apply whenever significant displacement in all degrees of freedom. At the other
Brr = foad4, Wherefoqqis the number of polyhedral faces having extreme, coupling is weak and each degree of freedom oscillates
an odd number of edgesB{r can never be smaller than essentially independently. At this extreme, each normal mode
foad4.49) In the proof, the key idea would be thai = 1 if the will be dominated by a single degree of freedom, and each
jth face has an odd number of sides &Bd= 0 if the jth face degree of freedom will feature prominently in only one normal
has an even number of sides. In particular, Theorem 1 is alsomode.
true for the 326> geometry that commonly occurs as a clathrate  As an interacting system of 40 interacting-@8 stretches
hydrate cell. (setting aside for now bends and other motions), where do
Theorem 2 In a PWC havingAry = 0, any FF or LL bond  dodecahedral (§D)y clusters fall between these two extremes?
has§ = 2; any FL bond hag = 2, 3, or 4; and any LF bond A quick review of the proton displacements for the lists of
hasé =0, 1, or 2. modes reveals that most modes feature primarily a single
Proof. When the donor and acceptor of an H-bond in the “dominant” proton (or G-H* stretch), whereas many had two
PWC are both F, then all four nearest neighbor O’s must be L. with comparable displacements, and a few had three or four.
Otherwise, the F neighbor together with the donor and acceptor - To make the analysis quantitative, we review the classical
would form a chain of three F’s, contradicting the premise that mechanics concept of the fraction of a mode’s energy attribut-
Ari = 0. Thené =2+ 0 = 2. Likewise, for an LL bond, all  aple to each component of an oscillating system. Let masses
four neighbors must be F, and this= 0+ 2=2. Foran FL. 1 ... my undergo coupled oscillations, with equilibrium
bond, at least one of the donor’s neighbors must be L: otherwise positionshy, «++, by, and letd; denote the peak displacement of
the donor O together with the two neighbors would form a chain the jth mass for theth normal mode whose frequency ds/
of three F's. Likewise, at least one of the acceptor’s neighbors 2 Then the motion of for thekth normal mode is given by
must be F. Equation 1 gives= (L or 2)+ (1 or 2)= 2, 3, or
4. I;I'he_ proof for LF bonds is similar. T () = by, + Ca, sin@,)
utting these theorems together, we see that for a low-energy
52 or 5'%6° PWC havingBgr = 3, the number of H-bond , o .
subtypes drops from 20 to just 8 (three FL's, one FF, one LL, Al t= 0 all of the ques energy 1s kinetic, and the fraction
and three LF’s). This will be a key insight when we look at the ©f Kinetic energy carried byn is
spectra of low-energy PWCs.
The symmetry groups that are possible for a neutral optimized o d o
512 (H,O)y are C;, Ci, Cs, and Cs. There are only 12 8 = Mayl /Z”}lakﬂ (4)
configurations that have 5-fold symmetry: eight hdye = =
10 and their electronic enerdg lies 30 kcal/mol or more above
the lowest-energy’3 arrangement, and four haber = 5 with
E° being 20 kcal/mol above the lowest-enerdy. Blone of these
were part of our database. The normal modes fGrsymmetric
(H20)20 come in pairs consisting of an IR-inactive symmetric
mode and an IR-active antisymmetric mode. Because this
description is so different from the case of the typi€at
symmetric cluster (although the actual spectrum does not loo
substantially different), and becauSesymmetric clusters are
a tiny minority of all 52 PWCs, we decided to excludg-
symmetric clusters from our database CAsymmetric cluster
has an even number of FF bonds, and becd&ie> 3, it
follows thatBgr is at least 4. Thus, none of the excludéd
symmetric clusters are among the lowest-energy group for which
B|:|: = 3.

Despite the reliance on classical mechanics, eq 4 gives a
reasonable way to compare the activity of a proton (erHO
stretch) across multiple modes and to compare how a mode
treats various protons. For each,(®,o cluster, we computed
{e}, obtaining a 40x 40 matrix E whosel;i) entry ise;.
Becausem = --- = myo for our 40 protons, th&th row of E is
K (a scalar multiple of) the vector of squared peak displacements
of the protons, for thekth mode. Theith column of E
approximately describes how the energy of an impulse imparted
to theith proton H when the system is at rest would distribute
among the modes. This approximation would be exact in a
hypothetical system where all proton motions were strictly in
line with their O—H bonds and the oxygen nuclei were infinitely
heavier than protons (rather than 16 times heavier).

As an illustration with these conventions, each proton of the
Methods H>O monomer can be said to carry 48% of the energy for mode

) ] v1 and 46% forvz. The remaining energy is accounted for by

Calculations were done on a Parallel Quantum Solutions motion of the O. In a normal mode, except for symmetric
(PQS) QuantumCube, using PQS parallel softwa@ptimiza- motions on a single O (like;), any H motion will be balanced
tion was do_ne in inverse cluster poprdl_nates using the OPTI- by covalently bonded O motion that is approximately 1/16 as
MIZE algorithm*’ Setting the optimization “scale” factor 0 great so the sum of the energy fractions assignable to all protons

5.0 gave efficient convergence. Initial geometries were obtained (j e row sums for the matrix E) will typically be around 16/
using the approximation algorithm described in ref 29. The PQS 17 or 0.94, rather than 1.

HESS and FREQ routines compute normal modes and frequen-
cies analytically based on the harmonic approximation. Statistics
were done with R-project softwafé.

Let1(K) or I1(k) denote the index for whicl is the largest
entry in thekth row of E, and putPy(K) = exi. I(K) is (the
label of) the “dominant” or “primary” proton for modk, and
P1(K) is the fraction of modé&’s energy that is carried by its
primary proton. Among the 800 modes in our database, 553

Assignment of Normal Modes To G-H Stretches. A (69%) havePi(k) > 0.5, i.e., more than half of the mode’s
(H20)q0 cluster has 40 stretch modes and 40 protons in4B10  energy is carried by its primary proton. If the cutoff is lowered
covalent bonds. For a general linear system of coupled oscil-to 8/17, meaning that at least half the energy is in the H and O
lators withd degrees of freedom ardinormal modes, one can  of a single O-H* stretch, the count rises to 594 (74%).

Results and Discussion
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Figure 2. Scatter diagram foP, vs Py, and forP./P; vs P;.

Let Ix(k) be the index for whicle,,(K) is the second largest
entry in thekth row of E, i.e., the proton that carries the next
greatest energy for modk after the dominant proton, and TABLE 1: Summary of the 752 Assigned Stretch Modes/
likewise forls(k). PutPa(K) = e,(k) andP3(k) = ex,(K). Figure Protons by H-bond Type
1 is a histogram showing the distribution of valuesRatk), bow (pm) freq (cnT?) (scaled)
Pz(k),.andPg(k). The square root scale adopted for the abscissa type N min mean sd. max min mean sd. max
permits better wsuahzgtlon of the range near zero and meansFL 98 98.94 100.65 LS50 10509 2096 2906 2558 3314
that we are also showing the d_|str|but|ons of the (normallz_ed) FE 97 9734 9860 079 10205 2704 3283 1403 3504
peak displacements of the primary, secondary, and tertiary || g5 97.33 9850 0.81 101.68 2741 3295 1459 3519
protons. As Figure 1 shows, the contribution of the tertiary LF 266 96.70 97.34 0.31 98.45 3302 3512 62.8 3635
protons and beyond is in general quite small, though there arefree H 196 96.22 96.28 0.03 96.39 3697 3716 5.6 3725
exceptions.

The median value oPy(k) for all modes is 0.64. Modes  As expected, all of the 48 unassigned modes were low ratio,
corresponding to free ©H stretches are easily distinguished because multiple protons are significantly involved whenever
by the fact that their frequencies lie above 3695 &mvhereas the assignment is unclear.
modes whose primary H is H-bonded have wavenumbers below Another issue we checked is whether stretch modes include
3635 cntl for this database. The free-® stretches (here, on  some component of displacement perpendicular to théHO
DAA only) constitute a separate absorption band that is generally bond direction. For each mode, we computed the angle between
discernible in water cluster spect?® The free G-H stretches the primary proton’s vector displacement (id&;q) and the
exhibit especially strong domination by their primary protons: direction of its O-H bond at the energy minimum. This angle
the median value dP,(k) for the 200 modes above 3695 cthn never exceeded’9and it exceeded4for only four of the 800
is 0.80. modes. Thus, it is very accurate to think of PWC stretches as

We would like to assign modes to specific protons and vice occurring strictly along the direction of the-@4 bonds. The
versa, to correlate the modes'frequencies or intensities with bondoutliers occurred among the higher-energy clusters that were

types or G-H* distances. We match stretch madkeith proton the most polarized.

H; if both (a) for modek, the proton that has the largest peak Correlation of Frequency with Covalent Bond Length.
displacement is Hand (b) the mode for which proton;’sl Given the expected close relationship betweeand boy, we
energy fraction is largest is mode Mathematically, letK(i) explored this relationship for the 752 matched modes. It seemed

denote the index for whichg, is largest; the criterion is that ~ reasonable to omit the unmatched modes (respectively, H-bonds)
K(i) = kandl(k) = i. If K(I(k)) = k (respectively](K(i)) = i) because they represented just 6% of the total and because each
then modek (respectively, proton Rlis unassigned. Under this  one was arguably very similar to a mode (respectively, H-bond)
criterion, 752 of 800 (94%) of modes/protons were unambigu- that was retained in the analysis. We segregated them by the
ously matched. There were 32 instances where assignment failedond type of their dominant proton. Demographics for the five
because two modes had the same primary proton. Such pairsubsets are listed in Table 1. The greatest variability in both
were invariably close in frequency, with the median difference andbon occurs for the FL bonds and the least occurs for the
of their wavenumbers being only 10 cfn It never happened  free H's. Briefly, the FL bonds generate an absorption band
in this database that three modes shared the same primarycentered around 2900 cry FF and LL virtually coincide and
proton. Of the unassigned protons, 34 of 48 (71%) were in LF generate a band centered near 3300, and the LF band is centered
bonds. around 3500. The free H modes generate a very narrow band
We find it convenient to classify stretch modes as “high ratio” near 3700: note that the range is just 28 énExperimentally,
or “low ratio”. The relevant ratio i$1(k)/Po(k), and we set the  the stretch region of bulk water begins around 2900%rthus,
admittedly arbitrary cutoff at 4.0. In high-ratio modes, the energy the prediction is that modes for FL bonds in finite clusters can
(respectively, displacement) of the primary proton is at least absorb somewhat lower than bulk water. We shall see later why
four times (respectively, at least twice) that of any other proton. the lower portion of the FL frequency range is excluded for the
High-ratio modes can be modeled nicely as small perturbations lowest-energy clusters. The FF and LL subsets appear statisti-
of a single oscillating dipole. Broadly speaking, low-ratio modes cally indistinguishable; sometimes they have been treated as a
are those that require two or more dipoles to be taken into single-bond clas® but for the database of ref 40, which
account. The reciprocal ratie,/P; tracks the absolute energy combined several underlying geometries, they were found to
fraction Py fairly closely: Figure 2 is a scatter diagram plotting be distinct using the t-test.
both P,(k) andP,(k)/P1(k) againstP;(k). Our database contained For each of the five types, we did a least-squares best fit for
411 (51%) low-ratio modes and 389 (49%) high-ratio modes. v as a function obopn. Results are given in Table 2, wheae
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TABLE 2: Correlation of Frequency in cm ~* with boy by normal modes of a 4& 40 matrix whose diagonal entries;
H-bond Type reflect the intrinsic force constants for individual stretches and
r r2 other whose off-diagonal entries; are coupling coefficients. A

type  a b®>  ARMS® (corr) (anova) var. ARMS? perturbation argumert? based on assuming tiie;} are small

FL 20031 —170.14 141 .9985 .9970 b¢n)? 11.5 (cf. eq 29 of ref 50) shows that the secondary proton for the
FF 20724 —176.90 12.8 9959 .9918 bowz  11.4 mode dominated by kiwill typically be H;, whergj is the index

LL 20986 —179.61 92 .9981 .9961 bow 86 that maximizes (or one of the indices that comes close to
LF 23017 —200.38 13.0 .9784 .9572 bow, 12.7 L .

freeH 18162 —150.04 2.9 8570 .7345 — 2.9 maximizing)|jm|, wheretm = Gn/(4; — Am), for the given value

of m. We saw earlier that the intrinsic frequency of an-©®
stretch is strongly correlated withoy, and as a result;—Am
andb are the coefficients in the best-fit line,= a+(b)bop. ;a;ut;er]gglp\?v(;[eddeﬁ)o?ee ;EE;:_XImately proportionétig—borm
The single parametdioy accounts for 96% of the variance in Sadlej et afs postulated that the coupling coefficiajtwould
v for LF bonds and over 99% for the other H-bonds. The | 5ve the form

numbers 96 and 99% are “analysis of variation” (anova) figures,

aUnits are cm™. ® Units are cm*/pm.

defined as the square of the correlation coefficient between C; = GaW; (5)
andbop. These high anova values mean that we can expect a
cluster’s spectrum to mirror very closely its distributiontwef, wheregq; andg; are dipole moment derivatives associated with

values. A cluster’s spectrum will be crystalline or amorphous the two stretches, and
according to whether itsoy values tend to clump or to spread

out. The correlation drops to 0.86 for the free H’s, but the range W, = (éi.éj — 3(éi.fi_)(q-fi_))/ri.3 (6)
is so small that the effect &by on v for free H stretches would ' : i
be difficult to observe experimentally in any event. In eq 6,& andg are unit vectors parallel to the-€H bonds,

We looked for other parameters that might explain some of gand ifT; denotes a vector from a poif on theith dipole to
the remaining variance in. Variables we tried including along g point@Q; on thejth dipole, therrj = [F;| andf; = Ti/rjj is a
with boy were bon)?, the H-to-acceptor O distanchy—o unit vector parallel t@;. On the basis of matching this model
(meaningful only for H-bonded protonsiRoo (Which is very to experimental ice spectra, Buch and De¥irecommended
close tobo + by-o), and the G-H bond length for the mode’s  thatQ; andQ be taken to lie along their ©H bonds and 0.65
secondary proton, denotég,. A p-value cutoff of 0.01 was A from the O, but for simplicity, we will locat€); at H andQ,
used to decide significance. Inclusion of the parametgi)¢ at H. Sadlej et al also added a momentum transfer term to the
was significant for the FL modes only. This makes sense in right-hand side of eq 5 when;tdnd H share a donor O.
that the FL bonds had the largest range, and the correlation of Two factors clearly influencérjm| and, hence, the choice of
v with boy is nonlinear when viewed over a wide rarf§e.  secondary proton. First, other things being equal, a lawgf
Inclusion of pop)? for FL was also the addition that effected means a larger coupling, anjdjy| varies approximately as
the greatest reduction in mean-squared erk&NIS drops from  O(r;;~3). As a generalization, protons that are closer gohdve
14.1t0 11.5 cm?, Table 2). The parametbpy, was significant  petter chances of becoming,ld secondary proton. Second, the
for FF, LL, and LF bonds only. Although it makes sense for denominatori;— A, means that the largest values fof,| can
this parameter to pale for free H stretches, where the secondarye expected whefAboy is minimized, regardless of how far H
proton typically accounted for about one tenth of a mode’s s from Hy, Thus the choice of Hs secondary proton reflects
energy, it was unexpected that FL modes are unaffected by it.two competing trends: a “proximity” trend favoring protons

The difference was dramatic, withrvalues < 0.001 for FF,  nearer to B, and a “similarity” or “resonance” trend that gives

LL, and LF, butp > 0.2 for FL. preference to protons for whidhby; is numerically closest to
For all four H-bond typesRoo was a poorer predictor of boHm.

thanbon. The value ofARMS for v vs Roo was 18.5 cm? for We were particularly interested in exploring the tradeoff

LF and ranged from 38.1 to 53.5 ciifor the other types. The  between proximity and similarity effects. For this reason we

parameterfoo andby-o are (negatively) correlated witbop, computed, for each mode the distance;, betweerH,,(k) and

so they are “significant” when used by themselves. However, H,,(k) (henceforth for simplicity denoted H1 and H2) aftlo
for FF, LL, and LF, they do not improve the correlation more = boy;—bo,. Figure 3 is a scatter diagram plotting against

than chance would predict when used in combination s Aboy. We distinguish in Figure 3 the low-ratio H-bonding

In other wordsRoo has no “new” information with which to  modes, the high-ratio H-bonding modes, and the free H modes.
predictv that is not already ifbon. For FL bonds, addin®oo Figure 3 has some interesting features. First, notice the fact
does significantly improve the correlation, but this is because that the much of the data appears in strata or bands, especially
Roo is nonlinear inbon, and includingRoo in effect adds fon)? in the lower right region. The lowest three strata consist

to the model. Whenboy and pon)® are both present as  respectively of HEH2 pairs that share a donor (we say dd),
independent variables, addifgo does not make a statistically  that have the acceptor of one H as the donor of the other (called
significant further contribution. The irrelevance ofly to v da), and that share an acceptor (denoted aa). The fact that their
supports the view that the relevant oscillating unit consists of r,, values are so uniform within strata is mainly an artifact of
the O* and H* only and does not involve the rest of the H-bond. the dodecahedral geometry and its close-to218)8yles. Free
Relationship between Primary and Secondary Protons. H modes feature much smallgkboy| values (median 0.0117
Only 98 of 800 modes (12%) had their primary and secondary pm) than H-bonding modes (median 0.07885), but this is mainly

protons sharing a donor O (i.e., on the samgDHunit). because the range @by is so much smaller for free H's to
Therefore, we wondered if we could explain how a mode start with (cf. Table 1). However, the difference between low-
“chooses” its secondary proton. ratio H-bonding modes (median 0.0388) and high-ratio H-

Our operating model of coupled stretch oscillators means that bonding modes (median 0.2767) is highly significant. We added
we think of our 40 stretch modes per cluster as if they were the to Figure 3 a vertical line at 0.27 pm, which signals a cutoff
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Figure 3. Scatter diagram fori, vs logAbon|, for high- and low-
ratio H-bonded modes and for free H modes.
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above which there are no low-ratio modes. All but two modes
having |Abon| > 0.39 pm share an O (i.e., dd, da, or aa).
Among the modes whose primary protop K free, just three
choose the other H in the & containing H, as their secondary
proton. These are the only modes with a free primary H whose
secondary proton is not free. Nearly half of the others (93 of

197 modes) have their secondary proton attached to an O that

is a nearest neighbor to the O of the primary proton: these
comprise the band of free H data centeredrgn= 3.5. The
drop-off in the number of modes as a functionref supports

the importance of the proximity effect for free H’s. By contrast,
among the H-bonded data, for the 356 modes where H1 and
H2 do not share an O (i.e., not dd, da, or aa), there is little
dependence on,, suggesting that similarity plays a bigger role
than proximity. The fact that 242 (68%) of these H-bonded
modes are low ratio also indicates that similarity is the principal
selection factor.

We expected to see a trend toward decreasingAlog)|
values with increasing,, reflecting the idea that an increasingly
powerful effect due tdAbon| would be needed to overcome
the effects of increasing HIH2 separation. The trend exists,
but it is weak and disappears beyond approximately= 4 A.

We suspect that the reason for this is thaboy| is only an
approximate marker for the true denominator-1,|, and this
“noise” effectively renders ldg\bon| meaningless below a
certain point, i.e., below that point, Ip§bon| bears little
correlation with logl;—4|.

We did not split the free H modes into high- and low-ratio
subsets in Figure 3, because we did not find that doing so adde
any insight. Of the 200 free H modes, 138 (69%) are high ratio,
contrasted with only 251 of 600 H-bonding modes (42%). We
noted earlier that the median energy fraction carried by the
primary proton is highest for the free H modes. Only 4 of 200
(2.0%) free H modes go unassigned, compared with 44 of 600

H-bonding modes (7.3%). Taken together, these observations

show that free H modes as a class fit the “perturbation of a
single oscillator” paradigm much better than the H-bonding
modes do as a class, which tells us that, with rare exceptions,
they undergo weak coupling. The dominance of proximity over
similarity for free H modes also points to weak coupling. One

might have guessed that the free H's, whose intrinsic frequencies
are much more closely bunched together (measured as the range

of either boy values or ofvy’s), would have an excellent
opportunity to find other H’s that give small values |3f—An|

and would therefore couple more strongly on average. Instead,
free H's experience weaker coupling across the board than
bonding H’s. The explanation lies in the dipole derivati{g$

2000 2500 3000 3500
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2700 3000

3300

3600

Scaled Frequency (cm™)

Figure 4. Scatter diagrams for IR intensity vs wavenumber: (a) FF,
FL; (b) LL, LF, free-H.

in eq 5, which we have not emphasized in our analysis. The
{qi} are consistently smaller for free H’s than for bonding H’s:
Sadlej et al??® citing an earlier work by Rowland et & jndicate
that g for a free H is about 6 times smaller than for an
H-bonded stretch resonating at 3220 émThis difference
outweighs the effect of smallgkj—Aim| values.

Stretch Mode Intensity. The IR intensity of G-H stretch
modes exhibits an extreme degree of variability. Computed
intensities in this database ranged from 0.69 to 4160 km/mol
(median: 415). Figure 4a is a scatter diagram of intensity vs
frequency for modes assigned to FF and FL protons. Figure 4b
does likewise for LL, LF, and free H. Themes that are visually

vident from Figure 4a,b are the dramatic concentration of free

modes into a narrow frequency and intensity range, and a
weak inverse correlation of intensity with frequency for FF, FL,
and LL types. Both effects are known to be consequences of
the fact42552-53 thatq; is negatively correlated with, but we
hoped to go further than this and to explain the “scatter” that
occurs among modes of similar frequency.

We reasoned that the intensity of an—@ stretch mode
should be proportional to the squared magnitude of its transition
dipole moment (tdm), and that the tdm should equal the
weighted vector sum of the dipole derivatives for all the D
stretches that contribute to it. For thth mode, this is saying

Int,= C [tdm? (7)

d
tdm, = % .3y

(8)

whereC is independent ok and
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Equation 8 assumes that tfi&g} have been normalized in mass- FL bonds show the best correlatian= 0.66) of In with boy+

weighted coordinates, i.e. (and hence withv), but this is only because the 11 data points
) below 2650 cm?, comprising the “tail” in Figure 4a, are all
[al” = &; 9) high ratio and most of them fall quite close to a straight line. If

_ _ _ these data points are removed, the correlation drops to 0.26 and
(cf. Equation 4). Sadlej et &k.argued that the relation between becomes statistically insignificant. A similar analysis applies

a stretch’s dipole derivativg and its intrinsic frequency would to FF and to LL bonds. Among LF bonds, neither the high- nor
be given by a formula of the form the low-ratio subset has a significant correlation of intensity
12 with bOH*-
9= (%t s) (10) B3LYP Stretch Intensity Benchmarks. If the formula (1267

+ 283(or, — 100)¥2 was applied to a free Hy would be in

the range 1315, rather than 9.5 as in eq 12. Do free H stretches
behave fundamentally differently from H-bonded stretches, or
is the problem in the model B3LYP? How reliable are B3LYP
stretch intensity calculations for water clusters?

Figure 4 of Lee et & juxtaposes spectra computed via
B3LYP/6-31H-+G** and via MP2/DZP for 14 clusters (mono-
mer through decamers). Visually, it is apparent that the inten-
sities computed via B3LYP track quite closely those computed
via MP2. Tables 4 and 5 of ref 23 give their numerical raw
data for frequencies and intensities. There are 12 clusters that
are hexamers or larger for which Lee et al. provide data for
benchmarking B3LYP intensities against MP2 intensities. These
€2 clusters encompass 117 H-bonded and 55 free H stretches.

For the 117 H-bonded stretches, B3LYP means and medians
g = fall within 30 km/mol of MP2, and the RMS value of (kv

(1267+283(00Hi_100))1/2 if bOHi>96'5 (e., H—bonded1 — Intypy) is 65 km/mol (range for Intp2 is 0—3530, median is

wheresy ands; are constants. They used experimental values
for vapor and for ice surface to pegands;. Because’ closely
tracksbon, we postulated that a likely formula foy would be

g =(c+ ClboH)M2 (11)

Treating the coefficientsy andc; as parameters, we correlated
Int, with |zid:l(co + cibon)Y%|, obtaining a correlation
coefficientr as a function oty andc;. We adjusted, andc;
S0 as to maximize. Equation 11 worked very well for modes
that did not include a significant contribution from free H’s.
For optimal results across all modes, we used eq 11 veghen
was describing a bonded H but we needed an additional degre
of freedom for the free H’s. With the formula

410). Among the 26 modes with intensity 800 km/mol or higher,
9.5 if bgy, < 96.5 (i.e., free) which account for the dominant features of these clusters’ spec-
' (12) tra, RMS{IntggLyp_— Intwp2} is _just 78 kr_n/mol; i.e., for the
most important signals, the difference is comfortably below
we achieved a correlation of= 0.9972, and the RMS value  10%.
of /Int, — |zid:1qi§ki| was around 0.87. Equation 12 has also ~ Comparing Ings yp and Infyp, for the 55 free H stretches,
been normalized to maké = 1 in eq 7. the mean value of (IgtLve — INtupy) is —10 km/mol, and its
The extremely good correlation and the small RMS (0.87 RMS 15 km/mol. In absolute terms, this is better than for the
wherem has a range of 0.83 to 64.5), obtained using a H-bonded stretches, but because the median free\dJe 80
model with just three degrees of freedom, tell us that eqs 7, 8, km/mol, it represents a larger relative error and supports the
and 12 are an adequate explanation for the large variability in idea that B3LYP is consistently undercomputtjdor free H's.
Int.. The fact that we needed to make an “exception” to eq 11 In Table 3, we have assembled benchmarks fgd HH;O).,
for the free H's could mean that Sadlej's eq 10 might also need and (HO)s intensities computed via B3LYP, MP2/aug-cc-
to be modified for free H's, or it could signal an inaccuracy in PVDZ, and MP2/aug-cc-pVTZ. We also list the high-level
B3LYP intensity calculations. We will address this issue in the calculations of Schofield and Kjaerga&tdor (H,0), relative
next subsection. intensities. (The difficulties of obtaining and interpreting
How does Figure 4a,b derive from Egs 7, 8, and 127 First, €xperimental absolute intensity figures for the dimer are
consider the high-ratio case. The right-hand side of eq 8 will addressed by Zilles and Per8dand Low and KjaergaaP).

be dominated by the single temyg, wherei = I(k), and 3|2 On the basis of all these data, we tentatively conclude that
will be between 0.50 and 0.93 (cf. Figure 2), so towill (very B3LYP does a good or very good job of predicting IR intensity
approximately) vary withg2, which is linear inbon+ by eq 12. for H-bonded stretches, but for free H stretches it tends to give
Generally, the higher a mode’s ratio, the closer its B3LYP Values that are too low (relative to MP2) by as much as 25%.
intensity will adhere to the straight line given by = Predicted Spectra of Low-Energy PWCs.We observed

0.93(1267 + 283(boni — 100)). For low-ratio modes, the above (Theorem 2) that a PWC haviAgy = 0 will typically
secondary and tertiary protons have a greater impact on the sunhave 8 H-bond types: KlL.x = 2,3,4; Fk; LL,; and LK, x =

in eq 8. Their motion can combine either constructively or 0,1,2, where the subscript is the topological index. The mean
destructively with that of the primary proton;Hesulting in + sd boy values associated with these 8 categories are,
considerably greater departures from the best-fit line. The respectively: 101.6t 0.2, 100.3+ 0.1, 99.7+ 0.2; 98.6+
extremes of destructive and constructive interference are realized).2; 98.6+ 0.2; 97.84+ 0.1, 97.5+ 0.1, 97.2+ 0.05. Plugging
with the Cj-symmetric clusters, where a symmetric mode has these values into Table 2, we find that the associated IR
zero intensity and an antisymmetric mode has double the tdmfrequency ranges for RFand LL, essentially coincide, but
that a single ©-H stretch would generate. (It could be argued otherwise these ranges are distinct or minimally overlap. We
that the sum in eq 8 might be dominated by terms having the can expect a crystalline spectrum with 7 distinct or nearly
largestq;? rather than the largesdy|2, but this does not occur  distinct H-bonding bands and an eighth band for the free H’s.
in practice because of the fact, observed above, that theFigure 5 shows a spectrum obtained by combining predicted
secondary and tertiary protons hawgy values (and hence spectra for the four lowest energy?3PWCs in our database.
values) that are quite closelbgy+.) The modes associated with  As predicted, the eight bands are clearly distinguishable and
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TABLE 3: Benchmark Comparisons of Some Computed IR Intensities in km Mol?

monomer dimer cyclic Stetramer
2 2 V3 H-bonded donor free aog accvs H-bonded (total) free (total)
MP2/aug-cc-pVDZ 13.2 89.0 76.1 303 119 22 101 2812 325
MP2/aug-cc-pVTZ 9.6 66.7 57.2 314 117 21 105 2855 384
B3LYP/6-31H-+G** 9.2 66.7 56.8 332 80 16 86 2950 279
QCISD/6-311+G(2d,2p} 310 109 15 83

@ Relative intensities only, from ref 54, scaled to make first ertrg10.
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Figure 5. Predicted IR spectrum for Dod-1 (dashed line) and sum of
4 lowest energy B clusters (solid line).

have been labeled. The dashed line in Figure 5 is the spectrum

of Dod-1. Dod-1 is our lowest energy!?5PWC, which is

experimental frequencies for klbonds, and the Fiband of
Figure 5 matches the 2940 ctnsignal for (HO);. Thus, we

do not believe the gap results from too-low scaled DFT
frequencies. A partial explanation probably lies in the fact that
melting itself can blue-shift an FL peak by 100 chor more,

as Brudermann et al.demonstrated for (4D)o; and FL, bonds
may be scarcer in liquid water than iA*slusters.

Conclusion

We have used a database of 28 (5,0),, water clusters to
examine statistical trends among the-B stretch modes,
computed at a high level of ab initio theory. We believe this is
the first study to look at a large number of normal modes in
this way. Principal findings include:

e A large majority (94%) of modes can be assigned
unambiguously to a single-€H stretch, using a strict assign-
ment criterion.

e For nearly 75% of modes, half or more of their energy is
carried by the primary ©H* stretch. Very few modes involve

pictured as Figure 8a in ref 29. The spectrum for Dod-1 lacks significant motion of four or more protons.

a band for F; because it happens not to have any of this bond

type, and the signals from its two bBonds merge into the red
end of the Lk band.
The FLs and LR bands exhibit substructures consisting of a

e When an assignment to a specific proton can be made, the
O—H* distance boy+ correlates extremely well with mode
frequency. For those H* that have an acceptor, frequency is
much more tightly correlated withon= than with the G-O

splitting into a smaller subband toward the red and a larger distance.
subband toward the blue side. We have no explanation for these e It is convenient to classify modes as “high ratio” or “low

splittings. They do not reflect gaps in the distributionbgfy
values within the Fk and LR bond classes. Examination of

ratio”, the “ratio” being the energy carried by the primary proton
divided by that of the secondary proton. High-ratio modes are

individual modes for Dod-1 showed that modes associated to describable as a single oscillator undergoing only small coupling

LF bonds withboy longer than 97.58 pm averaged 10 ém
redder than the formula 23017 (200.38pon (cf. Table 2)
would predict, whereas LF bonds witlyy below this cutoff
averaged 10 cri bluer than the formula. The other bands do
not exhibit substructure.

By Theorem 2, bond types kLFL;, LF3; and LK do not
occur in a PWC withAry = 0. These bond types represent the
shortest (Fb and FL) and the longest (Lfand LF;) H-bonds

perturbations from other oscillators, but this description becomes
less and less appropriate as the ratio drops toward 1. In this
database, modes were nearly evenly split between high-0)
and low- (<4.0) ratio modes. The distribution of ratios varies
with the bond type, with free ©H stretches having the highest
ratios on average.

» The “choice” of a stretch mode’s secondary proton reflects
a complex tradeoff of proximity (measured as distft)) and

in water clusters. The effect of excluding them is to reduce the similarity (measured a®on1 — bonz|), both of which influence
spread of the stretch region for low-energy clusters. Exclusion the coupling between stretch oscillators. In 88% of modes, the
of the shortest bonds is probably one of several factors operatingsecondary proton occurred on a differerdCHunit than the

in bulk water that cause absorption to drop off rapidly below
2950 cnt.

primary proton.
¢ IR intensities vary by nearly 4 orders of magnitude in this

Can we explain the gap between Figure 5, whose lowest peakdatabase. Intensities are explained very accurately via a weighted

occurs at 2775 cnt, and the cutoff of the bulk water stretch
signal below 2900 cmt? One obvious issue is the validity of

vector sum of all protons’ displacements, weighted by dipole
derivatives ) that are a function dfoy+. In particular, a square-

predicted DFT frequencies. The minimum-energy clusters for root formula for g; (for H-bonded protons) is dramatically
(H.O),, n =7, 8, 9, and 10, each have an FL bond whose IR supported by our data.
signal has been measured. Their signals occur at 2940, 3090 e The lowest-energy 3 clusters, and low-energy PWCs in

(D2g) and 3060 &), 3070, and 3055 cni, respectivelyf 925

general, can be expected to have (up to) eight bands in the

Scaled DFT frequencies (scaling factor 0.961) for these modesstretch region of their IR spectra. This can be derived from the

are 2987, 317004 and 3132 §;), 3160, and 3153 cm,

theory of PWC bond lengths, which predicts eight nearly

respectively. Better agreement would result from setting the nonoverlappindon intervals.

scaling factor for FL bonds to 0.937. For= 7, the bond has
type FLs, and forn= 8, 9, and 10, they are RLThe FL, band

of Figure 5 (drawn using 0.961) matches quite well these on a 52 database conferred certain advantages:

Will these conclusions be transferable to clusters other than
PW(Cs or to bulk water? Performing this type of study initially
a well-
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understood theory dfioy values with a wide spread fdioy;
uniformity of some geometric features such as@-0 angles
and certain H-H distances; and simplification of the number
of H-bonding environments to just five (FF, FL, LL, LF, free).
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